For certain dimensionally-regulated massive two-and three-loop propagator-type diagrams the higher order ε-expansion is constructed.
Introduction
In the light of the recent progress in the four-loop calculations [1, 2] one of the topical tasks is the construction of ε-expansion of one-, two-, and three-loop master-integrals of the existing packages like ONSHELL2 [3] or three-loop packages [4] [5] [6] [7] up to level sufficient for getting finite four-loop corrections in physical quantities. The all-order ε-expansion of the one-loop propagator diagram with arbitrary masses and external momentum, and the two-loop bubble diagram with arbitrary masses was constructed in [8, 9] . The results are expressible in terms of Nielsen polylogarithms [10] only. The construction of the ε-expansion for diagrams relating to QED/QCD problems was investigated in [11, 12] . The finite parts of the three-loop bubble integrals were presented in [13] [14] [15] . The higher order ε-expansion for some of the master-integrals from these packages was calculated in our previous papers 1 [9, 16] . Independently of analytical calculations, the numerical approach to the evaluation of the single scale diagrams has been developed in recent years [17] . Based on this technique, the high-precision numerical values of higher order coefficients of the ε-expansion for four-loop bubble integrals [18] and three-loop propagator type integrals on mass shell [19] have been calculated recently.
The present paper is devoted to the analytical calculation of the higher order terms of the ε-expansion for the scalar integrals shown in Fig. 1 . At M = m these integrals enter in packages ONSHELL2 [3] (V 1111 ) and three-loop packages [4, 5] (D 5 ). The numerical values of higher order coefficients of the ε-expansion for diagram V 1111 and D 5 were calculated by Laporta in [17] . Another problem under consideration is further investigation and development of the "sixth root of unity" approach proposed by Broadhurst in [13] and developed in [9, 14, 16, 18, 20] . The main idea is that transcendental numbers occurring in the ε-expansion of single scale diagrams (diagrams with only one mass scale) are defined by the values of massive cuts. For the diagrams with zero-, one-, two-, and three-massive cuts, the set of transcendental numbers are related to generalized log-sine functions [21] or their generalization [9, 20] of special values of arguments {π, π/2, π/3, 2π/3}. For diagrams with four massive cuts new constants, associated with the elliptic function [18] appeared.
We work in the dimensional regularization [22] with space-time dimension n = 4 − 2ε. In our normalization each loop is divided by (4π) 2−ε (1 + ε). We also use the following short notation for the auxiliary integrals appearing in our calculation:
.
V mmmM
This integral enters in two-loop relation between pole and MS masses of heavy particles like t -quark or Higgs boson within SM [23, 24] . The integrals with an arbitrary set of indices,
where the external moment belongs to the mass shell, p 2 = −m 2 , can be reduced to one master-integral with indices (1, 1, 1, 1 
The analytical solution of this equation up to part linear in ε was presented in [24] . Eq. (2.2) has a very simple form in the framework of the geometrical approach [26] . Let us introduce a new variable
Taking into account all order ε-expansion of the one-loop propagator and two-loop bubble integrals [8, 27] we rewrite the original differential equation (2.2)
For a modified function,Ṽ (θ) defined as
the solution has the following form:
where Ls j (θ ) is a log-sine function [21] and we have introduced a new function Isc a,b (θ )
where a, b are integer numbers. The ε-expansion of this function is
where S a,b (θ ) is the generalized (Nielsen) polylogarithms [10] . The last integral in Eq. (2.6) can be explicitly integrated
The solution for the original integral can be represented as
where the coefficients v j should be defined from the boundary condition. We choose a particular value of the diagram at M = 0 which corresponds to θ = π/2. In this case the diagram reduces to J mmm and the product of one-loop vacuum diagrams
Using the results of [11, 28] we get the following values for the first several coefficients: 4 can also be calculated by using the results of [28] .
From Eq. (2.6) it is evident, that the coefficients of the ε-expansion of the diagram V 1112 can be parametrized by introducing a new class of functions Ls Lsc k,i,j (θ ) defined as
where k, i, j are integer numbers, k 0 and i, j 1. Some properties of these functions are collected in Appendix B.
Let us write the ε-expansion of the diagram in following form:
The functions S(θ), F (θ) and E(θ) were calculated in [24] (see Eq. (3.7)). The analytical results for N(θ) for arbitrary values of the angle θ read 
and
is the function defined in Eq. (2.41) of [29] . The results for N n (θ ) and N nn (θ ) are sufficiently lengthy to be published here. It should be mentioned that in the order of ε 3 the following combination appears:
To write results valid in other regions of the variable (M > 2m), a proper analytical continuation of all expressions should be constructed. For generalized log-sine functions it is described in detail in [9, 31] . In terms of the variable
the analytical continuation of all generalized log-sine can be expressed in terms of Nielsen polylogarithms, whereas for the function Φ(θ) the result is expressible in terms of harmonic polylogarithms (see Eq. (3.4) in [29] ) introduced by Remiddi and Vermaseren [32] . In terms of conformal variable (2.17), the analytical continuation of the Ls Lsc functions can be written in terms of harmonic polylogarithms (see the discussion in [9, 29, 33] ).
In particular, an analytical continuation of the Ls Lsc 1,1,3 (θ )-function produces integral
The result is relatively lengthy to be published here. The analytically continued results of the order ε 2 checked by heavy mass expansion [34] with the help of the packages described in [35] .
For a particular case M = m the integral V mmmM converts into the master-integral V 1111 from the package ONSHELL2 [3, 30] . Its ε-expansion is (we present only new coefficients of the expansion) 
D mmmmM
The differential equation for this integral is where B N ≡ B N (0, 0, 1, 1, 1, 1 ) was defined by Broadhurst in [11, 12] . Using again the angle variable defined in (2.3), we rewrite Eq. (3.1) in the following form:
For auxiliary functionD(θ) defined as
the solution is 2ε 2 sin 2 θ
where the last integral can be explicitly integrated with the help of Eq.
(2.9) and Isc a,b (θ ) is defined in (2.8). The result for the diagram D mmmmM is (3.4)
where the coefficients d j are defined from the value of the original diagrams at M = 0, which corresponds to θ = π/2:
The explicit values of the first several coefficients are [12] which could be rewritten in terms of the generalized log-sine function of the argument π/2 [9] . Collecting all the results we get the first several coefficients of the ε-expansion of the diagram 
where l mθ and L θ are defined in (2.15). The analytical results for the next two coefficients are expressible in terms of the Ls Lsc-functions. In the order ε 2 the previous combination (2.16) of Ls Lsc functions is included. The divergent parts of this integral were calculated previously in [36] . In the regions of the variable (M > 2m) the proper analytical continuation of all expressions can be constructed. It completly coincides with the previous case V mmmM . The result is relatively lengthy and therefore will not be presented here. For the case of equal masses M = m (the master-integral D 5 ) we get 
Conclusion
In this paper, the higher order ε-expansion of the diagrams shown in Fig. 1 have been  constructed (2.6), (3.3) . The coefficients of the ε-expansion are parametrized in terms of generalized log-sin functions and Ls Lsc-functions described in Appendix B. At M = m these integrals enter in FORM [38] based packages for calculation of two-loop on-shell self-energy diagrams [3] (V 1111 ) and three-loop vacuum integrals [4, 5] (D 5 ). The numerical values of the calculated coefficients (2.18), (2.19) and (3.8) coincide with the results presented in [17] .
We shown that the basis of transcendental numbers for single scale diagrams with twoand three-massive cuts contains new elements in addition to the odd/even basis of weight 5 constructed in [9, 14] . Some of these elements are the product of the lowest weight elements of the "sixth root of unity" basis: (15) in [20] ). Ls Lsc 1,3,1 (θ ) also appears in higher order ε-expansion of the oneloop triangle diagram (see Eq. (4.5) in [29] ). For lower values of the parameters, function (B.1) reduces to the generalized log-sine functions. In particular:
• For k = 0 and i = 1 or j = 1
• For an arbitrary k and i = j = 1 In particular, the following relation is valid:
At the same time, the relation (B.9) can be considered as definition of the generalized log-sine-cosine functions (Ls k (π) is a normalization constant). For k = 0 there is an extra symmetry relation,
When i or j are equal to unity, the following relations are valid:
The values of the function Ls Lsc k,i,j (θ ) of the argument θ = 2π can be extracted from relation (B.9). Using the symmetric properties of the Lsc i,j (θ )-function,
it is easy to get
where the values of Ls k+1 (π) and Lsc i,j (π) can be founded in Lewin's book [21] . Taking into account that Ls 2 (π) = 0 we get for k = 1 For particular values of the Ls Lsc-functions of weight 5 at θ = π, π/3 and θ = 2π/3 the PSLQ analysis [37] 
